Superconductivity in the presence of antiferromagnetism for high T c cuprates 



Ki-Seok Kim, Sung-Sik Lee, Jae-Hyeon Eom and Sung-Ho Suck Salk 1 

Department of Physics, Pohang University of Science and Technology Pohang 790-784, Korea 
1 Korea Institute of Advanced Studies, Seoul 130-012, Korea 
(Dated: February 2, 2008) 

Using the U(l) holon pair slave boson theory [Phys. Rev. B 64, 052501 (2001)], we derive a 
low energy field theory of dealing with both d — wave superconductivity and antiferromagnetism 
for underdoped cuprates by constructing both the Cooper pair field and the chargeon pair field. In 
terms of the internal gauge field, the Cooper pair field carries no internal charge while the chargeon 
pair field carries the internal charge. They are decoupled in the low energy limit. This allows us to 
separately treat the XY model of the Cooper pair field to describe superconductivity and the Abelian 
Higgs model of the chargeon pair field to describe antiferromagnetism in the presence of Dirac 
fermions at and near the d — wave nodal points. Thus we find that the d — wave superconductivity 
can coexist with antiferromagnetism and that despite the coexistence, the antiferromagnetism can 
not affect the superconducting transition, thus allowing the XY universality class in the extreme 
type II limit. 

PACS numbers: PACS numbers: 73.43.Nq, 74.20.-z, 11.30.Rd 



I. INTRODUCTION 

Recent experiments revealed anomalous weak antifer- 
romagnetism in underdoped superconducting statepj 0, 
EJ LH L| The coexistence of d — wave superconductiv- 
ity and antiferromagnetism in underdoped cuprates has 
been examined by various approaches (such as SO(5)[6(, 
stripesjl H 0, QED3[I3, Z 2 gauge theoryjnLSU(2) 
slave-boson theory ^2 ) mean field theories|13l Il4j and 
etc. 

EEG3)- Thus it is of great interest to answer 

whether the coexistence affects the superconductivity. 

In the context of U(l) slave boson theory Kim and 
Lee|l8| introduced the low energy Lagrangian in terms 
of the massless Dirac spinon field ipi and the massless 
U(l) gauge field a M at half filling, 

£ = $ilu(du - ia u )ipi. 

They showed that the 1/N perturbative treatment 
leads to a dynamical mass generation (chiral symme- 
try brea king |l9 | ) corresponding to an antiferromagnetic 
ordering[18|. The above Lagrangian for a hole doped sys- 
tem near half filling can be rewritten, 

Here is the phase stiffness proportional to hole concen- 
tration near half filling, (pt, is the phase field of the holon, 
a^, the internal U(l) gauge field and A^, the electro- 
magnetic field. Based on this Lagrangian one can show 
that in the dual field representation instantons ((2 + \)D 
U(l) magnetic monopoles) cause the single holon vortex 
condensation!^, thus implying phase incoherence of the 
holon field. By integrating over the holon field in the in- 
coherent phase and redefining a M + A Ui as a^, one obtains 
the low energy effective Lagrangian |21j. 

£ = ^7fu(<9/i - iOp + + 7p|<9 x a | 2 , 



where g is the coupling strength, g = 2| < $b > 2 with 
| < $b > |, the amplitude of the holon vortex field. This 
Lagrangian is a QED Lagrangian in (2 + 1) dimension. 
It is well known that chiral symmetry breaking occurs 
for any nonzero coupling strength g as long as the flavor 
number of fermions is less than a critical flavor number 
N c (N c = ^|) 22J. Thus the antiferromagnetic ordering 
at half filling is sustained near half filling. 

In this paper we examine the superconducting phase 
transition in the low energy limit in the underdoped re- 
gion. Earlier, the U(l) and SU(2) holon-pair boson the- 
ory of Lee and Salk 23] revealed the salient features of 
the arch-shaped superconducting transition temperature 
in the phase diagram of high T c cuprates and the peak- 
dip-hump structure of optical conductivity in agreement 
with observations. It is of interest to see whether the 
U(l) holon-pair boson theory of Lee and Salk[2j| re- 
veals the coexistence of antiferromagnetism (AF) with 
d — wave superconductivity (SC) and whether the anti- 
ferromagnetic order affects the d — wave superconducting 
phase transition as a consequence of the coexistence. In 
their U(l) holon-pair boson theory[23j, the Cooper pair 
field is described as a composite field of the spinon pair 
and holon pair fields. Applying it to a low energy field 
theory, we first discuss how the coexistence between the 
d — wave SC and AF arises. We then investigate whether 
the superconducting transition at T = leads to the XY 
universality class independent of the antiferromagnetic 
order. To facilitate this study composite chargeon pair 
and Cooper pair fields are introduced. To avoid confu- 
sion, we would like to point out that the chargeon pair 
field here is different from the chargon field of the Zi 
gauge theory [2^. In our theory the internal U(l) gauge 
field strongly couples to both the holon (charge +e and 
spin 0) and the spinon (charge and spin 1/2) and thus 
no physical separation between the holon (charge) and 
the spinon (spin) is allowed. As will be seen later our 
chargeon pair (which is a composite particle made of a 
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spinon pair and a holon pair) has the internal U(l) charge 
— 4e with the external electromagnetic (EM) charge — 2e. 
On the other hand, in the Zi gauge theory of Fisher and 
coworkers pi), the chargon (spinon) is introduced in a dif- 
ferent way. Their chargon (spinon) is no longer the same 
as holon (spinon) in the U(l) slave-boson theory. Instead 
the chargon (spinon) is constructed as a composite of a 
holon (spinon) and a half of the spinon pair phase field 
carrying no internal U(l) gauge charge and, thus, is not 
coupled to the internal U(l) gauge field (likewise their 
chargon pair carries no U(l) charge). Instead the char- 
gon (spinon) is minimally coupled only to the Zi gauge 
field. We also point out that our composite vortex fields 
constructed from the spinon pair and holon pair fields are 
physi cally different from those introduced by Balents et. 
al|25|,|26( in the sense that their composite vortex fields 
are constructed from spin-up and spin-down vortices. 

In our composite vortex field approach the Lagrangian 
(Eq.JTDJ) is divided into three sectors concerned with 
Cooper pair vortices, chargeon pair vortices, and cou- 
pling between the two vortices respectively. The key 
point of the present paper is that the Cooper pair and 
chargeon pair sectors become decoupled in the low en- 
ergy limit despite the presence of the coupling between 
the two sectors. As a result, in the low energy limit the 
dual Lagrangian of the XY model describing supercon- 
ductivity is decoupled with the dual Lagrangian which 
describes antiferromagnetism. From the decoupled La- 
grangian, it is shown that the AF can coexist with the 
SC without affecting the superconducting transition. In 
our composite vortex field approach the underdoped su- 
perconducting phase is seen to accompany the condensa- 
tion of the chargeon pair vortices in the absence of the 
condensation of the Cooper pair vortices (Ea.flOjl and 
Eq.JTTJ). Owing to free chargeon pair vortices (leading 
to chargeon pair vortex condensation) the Berry gauge 
field (Eq.JSJ) coupled to the Dirac fermion remains mass- 
less (Eq.JTIJ). Here the Berry gauge field is associated 
with the Aharonov-Bohm phase acquired by the spinon 
when it moves around a spinon pair vortex. Since the 
Berry gauge field a* remains massless, the Lagrangian 
for the Dirac fermion and the Berry gauge field reduces 
to the QED Lagrangian in the low energy limit (Caf in 
Eg .1)12(11. This Lagrangian is in the same form as the 
Lagrangian of Kim and Lee at half-filling^^- The physi- 
cal difference is that the internal U(l) slave-boson gauge 
field a M at half-filling is replaced by the Berry gauge field 
away from half-filling. The chiral symmetry breaking 
occurs even away from half-filling as the case of the half- 
filling. This leads to the antiferromagnetic order away 
from half-filling allowing the coexistence with the super- 
conductivity. On the other hand, we find that the XY 
universality class of the T = superconducting phase 
transition in the extreme type II limit is not affected by 
the presence of the antiferromagnetic order. 

We would like to stress that our discussion on the prob- 
lem of coexistence between the antiferromagnetism and 
the superconductivity differs from other theories^, ITol 



[la ] in which competition or interplay (correlation) be- 
tween the antiferromagnetism and the d — wave super- 
conductivity is emphasized. On the other hand, in our 
theory we find that the superconductivity is not affected 
by the antiferromagnetism, nor vice versa. Instead, the 
antiferromagnetism is shown to have correlation with the 
Dirac spinon field in association with the chargeon pair 
field, but not with the Cooper pair field. Using our com- 
posite Higgs field representation we describe the reason 
why the superconductivity is not affected by the presence 
of antiferromagentic order in the underdoped region. 



II. CONSTRUCTION OF THE LOW ENERGY 
EFFECTIVE FIELD THEORY AND PHYSICAL 
IMPLICATIONS FOR d wave 
SUPERCONDUCTIVITY AND 
ANTIFERROMAGNETISM 

The d — wave superconducting state emerges from an- 
tiferromagnetic Mott insulating phase as a consequence 
of hole doping. At half filling the ground state shows an 
antiferromagnetic long-range order. As hole doping in- 
creases, the AF fluctuations may accompany the d—wave 
spin singlet pair excitations in the pseudogap (PG) phase. 
When the spin singlet pairs are available, doped holes 
prefer to be paired at adjacent sites since such configura- 
tions are energetically favored to allow for mutual hop- 
ping without bond breaking of the pairs. In the context 
of the slave boson theory an empty site can be regarded 
as a holon, i.e., an object of charge +e and spin 0. In the 
PG phase the holon pairs remain phase-incoherent and 
thus they are the preformed pairs. When the preformed 
holon pairs are bose-condensed, d — wave superconduc- 
tivity may arise as a result of forming the Cooper pair 
as a composite of the spinon pair of d — wave symmetry 
and the holon pair of s — wave symmetry. This picture 
is well addressed in the U(l) slave boson Hamiltonian of 
Lee and Salk|23| . 

Jjeff = jjeff +H *ff + fl*// 

H o ff = EH^ + i'^ + i) 

<i,j> 

+ ^| 2 (|A^| 2 + <5 2 )\ 

H t ff = - J i E [xUflf^ + cc^-^^tflM 

<i,j>.a i,cr 

_h ^ [ AjT(/ . T/ . i _ / . ;/iT) + c . c .] ) 

<i,3> 

He " = -t E [xU b h)+ c - c ] -J2f4(b\bi) 

<i,j> i 

- E ^ia-ji 2 [a -r(^)+c. c .]. (i) 

<ij> 
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Here Js — J(l — S) 2 is the doping (5) dependent renor 
malized Heisenberg coupling strength. Xj 

>= X 



fjafi< 



j(i-6)s Xji is the effective hop- 



ping order parameter in the uniform phase with Xji =< 
fjafia >, that of the spinon, and \% =< >j that of 



the holon. A# 



spinon singlet pairing order parameter and A"-? =< 



fjlfi] > is the c? — wave 
bp 



>, the s — wave holon pairing order parameter. The 
main physics is imposed by the above effective Hamilto- 



l\A sp \ 2 
'<j,i> 2 i i 



bp* 



(6,6,0- 



c.c. 



nian (the last term, — 

in Eq.Q) which shows coupling between the spinon pair- 
ing and the holon pairing orders. Judging from the cou- 
pling term, we expect that the holon-pair bose conden- 
sation can emerge only in the presence of spinon pairing. 

In order to construct a low energy effective Lagrangian 
from Eq.Q, we first pay attention to the spinon Hamil- 
tonian. Considering the low energy excitations we 
take only the phase fluctuations of the spinon pair- 
ing order parameter. It is of note that the phase of 
the spinon pairing order parameter is coupled to the 
spinon in the pairing interaction term in Eq.Q, that 



<hj> 



\A sp \ 



(fjtfil-fjlfil) + cc. 



Here 



4> s ? is the phase (amplitude) of the spinon pairing 

order parameter. +1 (—1) for the phase factor is for ij 
link parallel to the x (y) direction representing the d-wave 
pairing symmetry of the spinon pairing order parameter. 
In order to take care of the coupling between the vor- 
tex of the spinon pair and the spinon quasiparticle, we 
consider a singular gauge transformational |27], for 
the spinon fields, ip^ — e - *^ T */»t and -0a = e - * 1 ^*/*; 
with = tfi-\i + <ftij = 4>n + As a consequence, the 
two phase fields appear in the kinetic energy term for the 
renormalized spinon tpic ; one as a Berry gauge field afj — 
l^t,' ~ 4>]i) ~ ~ 04i) an d the other as a Doppler 

gauge field «y = ±(0 Tj - 4> u ) + \{4> u - <M EE El ■ 
The Berry gauge field causes the renormalized spinon to 
acquire the Aharonov-Bohm phase when it moves around 
a spinon pair vortex. The Doppler gauge field causes a 
shift in the energy of the renormalized spinon in the pres- 
ence of the spinon pair current. With the renormalized 
spinon fields ipi a , the spinon Hamiltonian H*** in Eq. Q 
is rewritten as 



<i,j> 

+ipt l e- i ^- v » +a t^ jl + h.c. 



2 sp 



^2[{tpittpi+yl ~ ipntpi+nt) + h.c 

i 



(2) 



The internal U(l) gauge field ay arises as a result of hop- 
ping of spinons (or holons) around plaqucttcs. Here we 
use the uniform amplitudes for the hopping order param- 
eter (x) and the spinon pairing order parameter (A sp ) 
neglecting the amplitude fluctuations of the order pa- 
rameters in the low energy. 

We now take the continuum limit for both the fermion 
field tp ia and the phase of the spinon pairing order pa- 
rameter in the low energy. The spinon excitations 
near the d-wave nodal point are described by the Dirac 
Lagrangian in the continuum limit. The Dirac fermion is 
coupled to the Berry gauge field az, the Doppler gauge 
field Vfj, and the internal U(l) gauge field a M . The low 
energy Lagrangian for the Dirac fermion coupled to the 
three gauge fields are obtained to be, from Eg . psf . 



S 



2a„ 



(3) 



Here ipi represents the 4 component spinor of the mass- 
less Dirac fermion near the nodal points (1=1 and 
2), 7 M , the Dirac matrices in (2+1) dimension and t\ 
the Pauli matrices 0. The Berry gauge field and the 



Doppler gauge field become a 



4> — I 



ipp<t>] - dfj, fa) and 



Vfi = 2 (^i<^T + ^M^l) = \d^4>sp (note that we replaced 
fiij with 4>sp for the phase of the spinon pairing order 
parameter) respectively in the continuum limit. J sfJt — 
ifyno'ifii,Vf'ifiiji'ipi,VA'ipn2'ipi) is the spin current of the 
Dirac fermion and J cfI = (^ ; ^t 3 ^;, u/^J^i, v/V^V^); 
the internal U(l) charge (q = e) current of the Dirac 
fermion (e denotes unit internal U(l) charge). Vf ~ Jsx 
and «a ~ Js^-sp is the Fermi velocity and the gap 
velocity respectively^]. In the following we will set 
Vf = Ua = 1 for simplicity. 

We are interested in the construction of an effective La- 
grangian involved with low energy excitations. Following 
the U(l) slave boson Hamiltonian introduced above, the 
low energy excitations refer to the phase fluctuations (but 
not the amplitude fluctuations) of the spinon pair and 
holon pair order parameters, the massless spinon (Dirac 
particle) excitations (at the d — wave nodal points), and 
the single holons. Gauge field fluctuations a M (x) are in- 
troduced to allow the presence of internal flux responsible 
for energy lowering, which arises as a result of hopping 
of spinons (or holons) around plaquettes. Another low 
energy excitation is concerned with the Berry gauge field 
a ft pi! I27L |28| minimally coupled to the massless Dirac 
fermions. A singular gauge transformation is considered 
to allow for the formation of spinon pair vortices. Thus 
considering the above elementary excitations, we write 
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the (2 + 1)D low energy Lagrangian, 



and the holon pair vortex field, <&bp, 



Z = J D^D^DcbspD^pDafDa^DX^e- ^ d3xC , 



C — Cg + Cb, 



+ip sp d T (/) S p + ipa^dfj, - iafytpi + iX^d x - pY)n, 
A = ^\9„4>b P ~ 2a M - 2A^ - K^Jb^l 2 



+ipbp{d T (t)bp - 2A ) + jS^Vbl 2 



(4) 



In the above equation, 4> sp and 4>b p are the phase (not 
the phase factor) of the spinon pair and holon pair or- 
der parameters respectively. K sp ~ J^-| A sp | 2 is the 
phase stiffness of the spinon pair order parameter and 
Kbp ~ J|A sp | 2 |Ab p | 2 , the phase stiffness of the holon 
pair order parameter, tpf, = e~ % ^ bp b is the renor- 
malized holon quasiparticle with 6, the bare holon and 
Jbfi = —iijpld^tpb — ipbd^ipl), the holon quasiparticle 
three current. The coupling between the spinon (holon) 
current J cfJl (Jbp.) and the gauge invariant spinon (holon) 
pair current d^4> S p — 2a ^ (d^bp — 2a ^ — 2Ap) in the 
first term of C R (Ch) m Eq.(@J is simply the Doppler 
coupling jH IH Hi A p is a Lagrange multiplier to 
impose the constraint for the Berry gauge field in the An- 
derson gaugej^. The constraint is that the flux of the 
Berry gauge field (i.e., 9xa*) is one half of the spinon 
pair vortex current (i.e., \iY) with jY = d x d<f) sp , the 
3-current of the spinon pair vortex|30j . The factor of 
\ represents the fact that the Dirac spinon acquires the 
Aharonov-Bohm phase 7r when it moves around a spinon 
pair vortex while the phase of spinon pair field changes by 
2tt around the vortex. is the external electromagnetic 
fieldJU- p S p and pb p are the average density of the spinon 
pair and the holon pair respectively. The above low en- 
ergy Lagrangian has a local £/ a (l)x [/„,/. (1) X [/a (1) sym- 
metry, which recovers the local [/ ^(l)xC/ J 4(l) symmetry 
of the spinon sector leading to the low energy d — wave 
Lagrangian if we replace a p with A^ 28] in the spinon 
Lagrangian C s of Eq.(@J. 



Performing the usual duality transformation [2(1 \2aL [2( 
|23,|22,|23 on the first two terms in both C s and ChW<\ 



and defining a p 



Xfj,/2, we obtain a dual (vortex) 



Z = J D^D^bD^spD^bpDcsppDcbp^Da^Da^Da, 
«,(-/*«£), 



C — C s + Cb, 



1 



+ ~ ia t S " ~ iCspn)®sp\ 2 + V(|*«p|) + 777^\d X C sp \ 2 

— sp 

+i2a%(d x o*")m ~i{2a + K- p 1 J c ) ll {d x c sp ) M 

C b = \d^ h \ 2 + \{d»- ic b p^bp\ 2 + V(\$ bp \) 
1 

2Kb P ' 

-p b p{d x C b p) T (5) 



+7^-\d x c b p\ 2 - i(2a + 2A + K b ^J b )p,{d x c bp )^ 



with the effective Ginzburg-Landau potentials of the 
spinon (holon) pair vortex fields V(\& sp (bp) I) = 



sp{bp) 



and 



psp(bp) 



^- sp(b 6 P) 34]. Here <& S p{bp) is the vortex field of the spinon 
(holon) pair and c sp (f, p ) M , the vortex (dual) gauge field (or 
the spin wave) which mediates interactions between the 
spinon (holon) pair vortex fields. It is noted that a^ and 

a* sp represent the Berry gauge field and the Lagrangian 
multiplier field respectively. They are called the mutual 
Chern-Simons gauge fields because they guarantee the 
mutuality (in Aharonov-Bohm phase contributions) that 
occurs when a spinon ifa moves around a spinon pair 
vortex <& sp or vice versaj2£| y5|. It is noted that in our 
theory the effect of hole doping into the Mott insulator 
is realized in the holon pair vortices which is, in turn, 
originated from the holon-pair boson field. The math- 
ematical form of Lagrangian C s in Eq.(|5jl is equivalent 
to the d — wave field theory of other researchers |2H |28| . 
In our theory an additional part Cb appears to allow for 
studies of doping dependent superconductivity involved 
with the doped Mott insulator. 

Based on the dual Lagrangian we obtain two different 
phases in the underdoped region : (1) the superconduct- 
ing (SC) phase for 6 > S c with 6 C , the critical hole con- 
centration for superconductivity at OK in the absence of 
both the spinon pair vortex condensation and the holon 
pair vortex condensation < $ sp >= and < (f>b p >= 
and (2) the spin gap (SG) phase for S < 5 C in the absence 
of the spinon pair vortex condensation < $ sp >= but 
with the presence of the holon pair vortex condensation 
< &bp 0. These two phases in the vortex field rep- 
resentation are essentially equivalent to the U(l) holon- 
pair boson theory of Lee and Salk[23] in the Higgs field 
representation. 

Integrating over the internal U(l) gauge field a M , we 
obtain the constraint 



Lagrangian describing the spinon pair vortex field, $ s 



d x c sp + d x Cbp — 0. 



(6) 
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We insert c bp = dip 



with ip, an arbitrary function 



into Eq. JSJ and perform a gauge transformation of & bp — * 
e^^bp to obtain, 

Z = y Dip l Dij b D<S> sp D<i> bp Dc sp ^Da^Da^e- I d3xC , 



* a „ „•„ ^ |2 



+l(^ - ioj" - ic sw )$ sp ! 2 + y(|$ sp |) + — 

+z2a^(5 x o*«% - iK^J^id x 

+1(0/, +«c w )$ f , p | 2 + V(|$ip|) 

+i(2A + if" 1 J 6 ) M (d x - /5(S x c sp ) r , 



|S x c s 



(7) 



where if" 1 = K~ p +K b ~ p 1 and /2 = fi sp — ^b P - The spinon 
pair vortex is coupled with the holon pair vortex via the 
dual gauge bosons c spil . 

Redefining a* ap + c spPl as a* sp 
tive dual Lagrangian 



we obtain the effec- 



Z = J D^D^ b D§ sp D<b bp Dc spp DalDa^e- $ d3xC , 

+\(d^-ia*°*)® sp \ 2 + V(\$ sp \) 

+\(d» + ic sw )$ 6p | 2 + V(|*6p|) + x c sp | 2 

ZK p 

-i(2a^ -2A + K- p x J c - K£ J b )^d x c sp ) M 

x c sp ) T . (8) 

Neglecting the contribution of the holon sector of vor- 
tex field (1(8,1 + ic sp ^)<£ bp \ 2 + V(\$bp\)) in this dual La- 
grangian, we recover a mathematically identical form 
(but not physics) to the Lagrangian of Ye[28(. Here 
we analyze the above Lagrangian in terms of the holon 
and spinon vortex fields. In the underdoped region it 
is expected that phase coherence of the spinon pair- 
ing field appears owing to the large phase stiffness of 
spinon pairing field (K sp ). In the coherent phase of 
spinon pairing, the spinon pair vortices form a neutral 
dipole pair with its antivortex and thus they do not con- 
tribute vortex condensation. In this case the Berry gauge 
field becomes massive owing to the Anderson-Higgs 
mechanism |3 6]. The mass of the Berry gauge field at 
is obtained to be proportional to the phase stiffness of 
the spinon pairing (i.e., K sp ~ J|A sp | 2 )[3g. Thus the 
mass of the Berry gauge field becomes large in the un- 
derdoped region owing to the large spin gap. With the 
large mass of the Berry gauge field o]J, the chiral sym- 
metry breaking is not expected to occur in the under- 
doped regionjlOj. This is because the fluctuations of the 
Berry gauge field are suppressed and the spinons become 
free in the low energy limit. In such case the spinon- 
antispinon pair condensation is not allowed. Thus there 
can be no antiferromagnetic order. This is inconsistent 
with experiments^, 0, 0, 0, 0- To properly describe 



the presence of the antiferromagnetic order in the un- 
derdoped region, we will introduce a dual gauge trans- 
formation involved with the Cooper pair and chargeon 
pair fields, which naturally arise as a result of the inter- 
nal gauge field a M strongly coupled to the holon pair and 
spinon pair fields. 

In order to manifestly describe the coexistence of AF 
and SC observed in experiments^, 0, 0, El HI we now 

introduce two composite vortex pair fields |25l l2r| ; the 

+1 +1 

chargeon pair vortex field ^f c = & sp and the Cooper 

I +1 

pair vortex field ^ n — & bp &sp ■ ^ c carries the —hc/ie 
internal U(l) flux corresponding to — 4e internal U(l) 
charge while ty n carries no internal U(l) flux. Here e 
denotes the unit internal U(l) gauge charge and the sub- 
script n stands for no internal flux. In this respect we 
can also call \? c as the "charged" (with internal U(l) 
flux of — ^S) vortex field and \I>„ as the neutral (no in- 
ternal charge) vortex field. In the Higgs field language 
the composite chargeon pair vortex field \t c is originated 
from the composite nature of the chargeon pair field de- 
fined by (j) c = -(<f>bp + </> sp ) from = e -^e-^" 
and the composite nature of the Cooper pair vortex field 
ty n comes from the composite Cooper pair field defined 
by 4>p — 4>b P ~ 4>s P from e l * p = e^e-^p. (j> c carries 
— 2e electromagnetic (EM) charge and — 4e internal gauge 
charge, while 4> p carries +2e EM charge and no internal 
charge. The +2e EM charge of the Cooper pair as a 
composite of the holon pair and spinon pair originates 
from the +2e EM charge of the holon pair as a conse- 
quence of doped hole charges +2e. It is of note that 
for the hole doped high T c cuprates the superconducting 
charge carriers are known to have electrically positive 
+2e charges. For clarity with the terminology here du- 
ality between charge and vortex is summarized in Table 
[1] . It is of note that our chargeon pair field is different 
from the chargon field of the Z2 gauge theory J24(; in our 
slave-boson gauge theory formulation the chargeon pair 
field 4> c carries the U(l) internal gauge charge — 4e and 
the EM charge — 2e as pointed out above while in the 
Z2 gauge theory the chargon pair field carries no internal 
charge. It carries only the EM charge — 2e[24j. Further 
our holons are related to doped holes unlike the case of 
the Z 2 gauge theory. 

The spinon pair field and the holon pair field strongly 
coupled to the U(l) gauge bosons a M lead to the construc- 
tion of the composite Cooper pair field, cf> p — 4> bp — 4> sp 
and the composite chargeon pair field, 4> c = —(<fi bp + <fi S p) 
respectively. The introduction of these composite fields 
are convenient to describe both the superconductivity 
and the antiferromagnetism. This is the essence of the 
present work. There exists an analogy to quantum chro- 
modynamics (QCD). In QCD quark-antiquark confine- 
ment (i.e., the mesons) exists as low energy elementary 
excitations. In a loose sense, the meson corresponds to 
the Cooper pair, that is, the confinement of the spinon 
pair and the holon pair. Introducing the phase of the 
Cooper pair, <f> p = (j) bp — <fi sp and the phase of the char- 
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geon pair, <f> c — — {4>b p + 4>sp) respectively, we can rewrite 
Eq.Q in terms of these composite fields and obtain 



with K r 



K„ 



Z = J D^iD^f,D(/) p D(f) c Da^Da® sp Da^e 

+y|0/i0c + 4a /1 + 2A M | 2 

(d p c/> c + 4a M + 2A p ,)(d^ p - 2A^) 
+i2a** p (d x {a* + + 4> c )) 

1 



- / d 3 xC 



{d^c + 4a M + 2A p )(J cp + J hll ) 



J 2 
• J b 



2K sp 2Kb, 



+ \d^b\ 



(9) 



where re c = n p = K - p + Kbp and n cp = Ksp 4 Kbp . As will 
be discussed later, in this representation the Cooper pair 
field sector in the derived effective Lagrangian describes 
the superconductivity while the chargeon pair field sector 
describes the antiferromagnetism in the presence of cou- 
plings with the Dirac fermions via the Berry gauge field. 
From the duality transformation we obtain an effective 
field theory to describe the Cooper pair vortex field and 
the chargeon pair vortex field. 

We write down the effective dual Lagrangian, Eq.@ 
(or Eq.©) in terms of the new composite vortex fields 
by redefining c cfl = ^(a fJ , sp — c spp ) for the chargeon pair 
dual (vortex gauge) field associated with the internally 
'charged' chargeon pair <j) c with the internal charge — 4e 
and c nfl = \ ( a^ ~ p -\-c sppj ) for the Cooper pair dual (vortex 
gauge) field associated with the 'neutral' (internal U(l) 
charge 0) Cooper pair tf> p , 



J d 3 xC 



Z = J D^iDiPbD^ n D^ c Da^Dc nt ,Dc c ^e- 

Cv = $a P (d p - %a%)ih + %Aa%{8 x c c ) M + \d^ 
+ + ic c ^ c \ 2 + V(\* c \) + ^-Jdx c c \ 2 
-i(2A - K-JJc + K^Jb) -dxc c + fi(8 x c c ) T , 



Co = \(d^ + ic n ^ n \ 2 + V(\V r 



2K, 



■\d x c,, 



+i(2A - Kjj c + K bv \j b ) -dxc n - p,(d x c„) T 



f 



£c = --^{dxc c )-(dx C„) +A n t[*c,*n], 



K bp K sp 
K bp +K s 



the effective phase stiff- 



K p , the cou- 



ness of each composite Higgs field, K c , 
pling strength between the supercurrents and re, that be- 
tween the vortex currents. V(|^ c ( n )|) = ^-J^ r c („)| 2 + 

Ua ^ n) |^' e ( K ) | 2 is the Ginzburg-Landau potential of the 
composite vortex fields ^ c and ty n . The subscript sym- 
bols for the Lagrangians above "D" stand for disorder- 
ing contribution of the chargeon pair field; " O" , ordering 
contribution of the Cooper pair field and " C" , coupling 
between them. It is of note that the effective phase stiff- 
ness is found to be identical for both the chargeon pair 



and the Cooper pair, that is, K c = K p 



K bp K s 
K bp + K s 



The 



phase stiffness vanishes to zero as hole concentration de- 
creases to zeroj^jj. Thus in the low doping region, both 
the chargeon pair and the Cooper pair fields are inco- 
herent to maintain the lowest possible energy state. To 
put it otherwise, both the chargeon pair vortex and the 
Cooper pair vortex are condensed (i.e., < f c >^ and 
< >y^ respectively). With increasing hole concen- 
tration, the phase stiffness increases |37j. And thus phase 
transitions can occur at a critical hole doping from dis- 
ordered phases in the lower doping region to coherent 
phases in the higher doping region for both the chargeon 
pair and Cooper pair fields. Although the phase stiffness 
of the chargeon pair is identical to that of the Cooper 
pair field, K p = K c which varies with hole concentra- 
tion, the phase transitions concerned with the chargeon 
pair and the Cooper pair do not occur at the same hole 
concentration. This is because only the chargeon pair 
is coupled to the massless internal U(l) gauge field 
(the second term of Cd in Eq. HlOjl l via the chargeon vor- 
tex gauge field c cpL while the Cooper pair is not, since 



it is an internal-charge neutral object 38]. Thus, despite 
the identical phase stiffness, the fluctuations of the gauge 
field tend to destroy the phase coherence of the char- 
geon pair but not that of the Coo per pai r since the latter 
is not coupled to the gauge field |33. l40|. This tendency 
is well manifested in the phase diagram of the Abelian- 
Higgs mo del [3!l, 01^1 : the critical value of phase stiff- 
ness for the phase transition from an incoherent phase 
to a coherent phase increases with increasing coupling 
to the gauge field. Applying this result to the chargeon 
pair and the Cooper pair, we obtain the following re- 
sult. The coherent phase occurs at a larger value of the 
phase stiffness for the chargeon pair (which is coupled to 
the gauge field a%) than for the Cooper pair (which is 
not coupled to the gauge field). Thus for some values of 
phase stiffness, only the Cooper pair becomes coherent 
while the chargeon pair remains incoherent. This implies 
that there exists a range of hole concentration where only 
the chargeon pair vortices are condensed without Cooper 
pair vortex condensation. This corresponds to the SC 
phase accompanying the chargeon pair vortex condensa- 
tion. As will be shown below, the chargeon pair vortex 
condensation causes the antiferromagnetic order which 
coexists with the superconductivity. 



+ iCn P )^n - *n(<^ - ic np ,)^Vj , (10) The dual vortex Lagrangian Eq.^TUJ) is a different rep- 
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resentation of the Lagrangian Eq. (JHJ), the former of which 
is described by the composite Cooper pair and chargeon 

pair vortex fields, * c = $^$sj and = $ fc 2 p $ S p re- 
spectively. In a different physical context a mathemat- 
ically similar procedure is made in the dual vortex the- 
ory of Balents et. al[25t [26^ and the SU(2) slave boson 
theory of Nagaosa and Lee dealing with instantonspol|. 
The Dirac fermion couples only to the chargeon pair 
with internally 'charged' vortex ^ c via the U(l) Berry 
gauge field at- The massless Dirac fermion acquires 
the Aharonov-Bohm phase when it moves around the 
'charged' (internal flux —4=) vortex but not so 
around the Cooper pair (internal flux 0) vortex field. 
This is because the Cooper pair vortex field cannot carry 
the internal U(l) flux[38|. Thus the spinon field is cou- 
pled only to the chargeon pair vortex field via the Berry 
gauge field at and the chargeon pair vortex gauge field 
c C fi- We note that owing to the —hc/Ae internal U(l) flux 
the coupling constant in the second term of C-p is — 4e 
(with e, one unit). As we shall see below, the Lagrangian 
Co for the Cooper pair vortex field is decoupled with Cp 
for the charged vortex sector in the low energy limit. This 
is because the Cooper pair field does not carry the U(l) 
internal charge and the rest of the coupling terms vanish 
in the low energy limit. 

Now we examine a possible ground state of chargeon 
pair from Cu of Ea. (|l(J|) . Integrating out the Dirac 
fermion in the chiral symmetry broken phase, Co leads 
to the dual Lagrangian of the Abelian Higgs model for 
the chargeon pair field <f> c . It is recalled that the char- 
geon pair has internal charge — 4e and electromagnetic 
charge — 2e. It is known that such Lagrangian shows 
a confinement-deconfinement phase transition of the in- 
ternal charge e depending on the phase stiffness K c of 
the chargeon pair field|2fl, |H El EH; (1) the decon- 
finement phase of internal charge for large phase stiff- 
ness and (2) the confinement phase of internal charge 
for small phase stiffness. In the deconfinement phase 
of the internal charge e, one can expect an elementary 
excitation carrying an internal charge e and fractional 
electric charge |[41|. Here we considered only the con- 
finement phase of the internal charge. This is justifiable 
in the low doping region of present interest because the 
phase stiffness of chargeon pair K c — ^ P ^ F is small for 
low hole doping. As is shown earlier, the phase stiffness 
Kc = T/ bpK ^ F diminishes as hole concentration decreases 

K bp +K 3p 

(to zero) at half-filling owing to the decreasing trend of 
phase stiffness of holon pair Kb P ■ Thus the chargeon pair 
vortices are condensed owing to the small phase stiffness 
in the low doping region. In this confinement phase no 
elementary excitations with the internal charge e and the 
fractional electromagnetic charge of e appear. In the fol- 
lowing, we consider the dynamics of Dirac fermions in 
the confinement phase of internal charge e. 

Integrating over the dual gauge field c cfl in the presence 
of the chargeon pair vortex condensation, i.e., < ty c >= 



Si? c ^ 0, we obtain the low energy effective Lagrangian 

Z = J IfyiDihmnDa+Dcnpe-f ^ 
C = Ct> + Co, 

Cv = 4>aM - iaf)^ + \d^ b \ 2 + (43 x ofi 

c 

-2d x A + K- X d x,J c - K^d xj b + iK~ l d x d x c„ 
Co = \(d M + ic„p)* n | 2 + V(\9 n \) + ^—\d x c„| 2 

ZKp 

+i(2A - K; p l J c + K^Jb) -dxcn- fi(d x c„) r . (11) 

We stress that the two effective Lagrangians above con- 
tain essential physics. The total effective Lagrangian C 
is separated into two parts; (1) Cx> for the chargeon 
pair vortex field and (2) Co for the Cooper pair vor- 
tex field. C-d also describes the dynamics of the holon 
quasiparticles effectively coupled to the Dirac spinons in 
the ground state of randomly disordered chargeon pair 
including the self-interacting Dirac fermions coupled to 
the massless gauge bosons a*. The condensation of the 
chargeon pair vortex field makes the Berry gauge field 
remain massless even in the superconducting state 
as discussed earlier Esj. This is different from other 
theories [lj, |2lJ, 1271 |28j in which the Berry gauge field 
becomes massive in the superconducting state. In these 
theories 0, |22j the Berry gauge field is coupled to the 
Cooper pair field. The Berry gauge field becomes mas- 
sive in the superconducting phase owing to the Anderson- 
Higgs mechanism. Accordingly the Dirac fermion ends 
up being coupled to the massive Berry gauge field in the 
superconducting state. On the other hand, in our theory 
the Berry gauge field is coupled to the chargeon pair field, 
but not to the Cooper pair field. Thus the Berry gauge 
field remains massless even in the superconducting state 
accompanying the condensation of the chargeon pair vor- 
tex. As a result the Dirac fermion and the massless Berry 
gauge field is described by the QED Lagrangian. The chi- 
ral symmetry breaking occurs since the flavor number of 
fermions of our interest is 2 which is less than the crit- 
ical flavor number N c — 3.24 19] . The chiral symmetry 
breaking results in the antiferromagnetic order. This, in 
turn, implies the coexistence of the AF and the SC be- 
cause we obtained the AF in the presence of SC accom- 
panying the condensation of the chargeon pair vortex. If 
we do not introduce the vortex pair field variables, ^ c 
and the SC state is characterized by the absence of 
the spinon pair vortex (< $ sp >= 0) and the holon pair 
vortex (< <&bp >= 0) respectively in the original repre- 
sentation. With this original representation, we can not 
address the antiferromagnetism. The reason is as follows. 
The Berry gauge field becomes massive in the presence 
of coherent spinon pairing owing to the Anderson-Higgs 
mechanism 36] . Thus the chiral symmetry breaking does 
not occur owing to the large mass of the Berry gauge 
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field in the low doping region. Accordingly the antiferro- 
magnetic order does not occur. To properly describe the 
antiferromagnetic order in the underdoped region, it is, 
thus, shown to be necessary to introduce the composite 
pair fields, namely the Cooper pair field and the chargeon 
pair field respectively. This is because the strong gauge 
fluctuations allow the spinon pair field and the holon pair 
field to form the composite pair fields. As will be soon be 
seen below, the effective dual Lagrangian for the Cooper 
pair vortex and chargeon pair vortex fields is a conve- 
nient 'tool' to directly see whether the coexistence of the 
AF and the SC affects the superconductivity. In this pair 
vortex field representation it is natural to see the char- 
geon pair vortex condensation because of the small phase 
stiffness K c $& HJ E) for the case of low hole dop- 
ing in the underdoped region, thus causing the massless 
Berry gauge field in the superconducting statejl^. The 
Berry gauge field has the kinetic energy which varies 
with the coupling strength proportional to the square of 
the charged vortex field . 

In order to examine whether the massless nodal 
fermion excitations affect the condensation of the Cooper 
pair vortex field in the presence of chargeon pair vor- 
tex condensation, we rearrange the above effective La- 
grangian as 



2K, 



Caf = ipnuidn - iaj)ipi, 

Csc = |(0 M +"V)*»l 2 + ^(l** 
+i2A ■ d x c n — jl(d x c n ) T , 
C c = ^- (Ad x a* - 2d x A 

+K- 1 d xJ c - K^d x J b + iK~ l d xdx 



■\d x c„ 



v bp 



-i{K~pJ c - KfyJb) ■ d x c n . 



(12) 



Here coupling between the SC and the AF are in Cc- 
We can judge whether the coupling terms are relevant for 
SC phase transition, by determining the scaling dimen- 
sions of coupling constants in the renormalization group 
procedure. From a dimensional analysis |44j. the scaling 
dimensions for all of the coupling constants in Cc are ob- 
tained to be negative, that is, = — 1, [-fQp 1 ] = — 1, 

-1, [K~ x ] = -1 and [k] = -1. Since the 

scaling dimension of coupling constants are negative, the 
strength of coupling diminishes as the cut-off energy gets 
smaller by integrating out high momentum modes in the 
renormalization group procedure |43j . Thus all of the cou- 
pling terms in Cc vanish in the low energy limit. Physi- 
cally speaking, antiferromagnetism (Caf) and supercon- 
ductivity (Csc) are decoupled in the low energy limit. 
As a consequence the antiferromagnetism can not affect 
the superconducting phase transition at T = 0, thus al- 
lowingthe XY universality class in the extreme type II 
limit [4 5|. We note that our superconducting phase pre- 



serves the local U a (l) x f/ *(l) gauge symmetry. Only 
Ua(X) symmetry is broken. In this sense our d — wave 
superconducting state is conventional. 

It is now obvious from the examination of Caf in 
Eq. (|12|) that the dynamical mass generation for the Dirac 
fermion leads to an antiferromagnetic ordering [Isl l2ll |46| 
since the chiral symmetry associated with the trans- 
national symmetry in this spinor rcpresentation|2lj is 
broken 19|. The d — wave superconductivity can coex- 
ist with the spin density wave (SDW) order. Magneti- 
zation is shown to be proportional to the amplitude of 
the chargeon pair vortex condensation (coupling strength 
between the nodal spinon and the Berry gauge field), i.e., 
The vortex condensation amplitude is given by the 
stiffness parameter, ^j? ~ [K c — K c ). Here K c is the crit- 
ical stiffness parameter where the chargeon pair vortices 
begin to condense. As discussed earlier, for the case of 
K c > K c where the chargeon pair vortices are not con- 
densed, deconfinement of the internal U(l) gauge charge 
occurs. We obtain the magnetization as a function of 
hole doping, m ~ {K e — K c ) ~ (<S™ 2 - 8 2 ) where 5™ is 
the critical hole concentration corresponding to the criti- 
cal phase stiffness K c . The critical hole doping i5™ of the 
confinement to deconfinement transition is larger than 
the critical hole doping S c of the superconducting transi- 
tion as discussed earlier. To determine the precise value 
of 5™ is beyond the scope of our paper. As mentioned 
above the presence of the antiferromagnetic order does 
not affect the d — wave superconductivity. 

We summarize our results in Table [2]. In the under- 
doped superconducting region of 5 > S c with 5, the hole 
concentration and 5 C , the critical hole concentration for 
initiating the SC phase, the chargeon pair vortex (but 
not the Cooper pair vortex *„) is condensed. In the PC 
phase (S < S c ) the Cooper pair vortex becomes condensed 
and, if possible, only a local phase coherence can sur- 
vive. This is the pseudogap phase of the preformed pair 
scenario This vortex superfluid state corresponds to 
the Mott insulating phase of the Cooper pair field[33|]- In 
the chargeon pair vortex field sector we considered only 
the chargeon pair vortex condensed phase < ty c 
corresponding to the confinement phase of the internal 
charge. Owing to the disordered chargeon pairs the B erry 
gauge field remains massless even in the SC phase |42|. 
The Berry gauge field describes the Aharonov-Bohm 
phase acquired by spinon when it moves around chargeon 
vortex. In the SC phase the chiral symmetry breaking 
also occurs and thus the Dirac fermions become mas- 
sive. The antiferromagnetic order originated from the 
massive Dirac fermions near the nodal points emerges in 
the underdoped d—wave SC state in the low temperature 
(T = 0) limit. 



III. SUMMARY 

In conclusion, we showed that the antiferromagnetic 
order is decoupled to the superconducting order in the 
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low energy limit. Thus the chiral symmetry breaking 
(the antifcrromagnetic order) does not affect the XY uni- 
versality class of the extreme type II superconducting 
phase transition at T = 0. In short the d — wave su- 
perconductivity is not affected by the antifcrromagnetic 
order despite the coexistence between the two. In the 



present paper, we concentrated on the dynamics of the 
Dirac fermion only in the confinement phase of internal 
charge e. It is of great interest to study the dynamics of 
the Dirac fermion in the deconfinement phase of internal 
charge e in the future. 
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TABLE I: Duality of charges and vortices 





Internal charge 


Electromagnetic charge 




or flux quantum 


or flux quantum 


Cooper pair field e**" 





+2e 


Cooper pair vortex field 





1 he 


Chargeon pair field e 1 ^ 


-4e 


-2e 


Chargeon pair vortex field * c 


he 
4e 


he 
2e 



TABLE II: Phases of vortex fields for pseudogap phase and superconducting phase 

Pseudogap phase Superconducting phase 
(5 < S c ) (6 C < 5 (underdoped)) 
Phase of vortex field < * n and < * c < *„ >= and < * c >^= 
Physical state MI, AF SC, AF 



